We compute the next-to-next-to-leading order (NNLO) contributions to the splitting functions governing the evolution of the unpolarized flavour-singlet parton densities in perturbative QCD. The exact expressions are presented in both Mellin-N and Bjorken-x space. We also provide accurate parametrizations for practical applications. Our results agree with all partial results available in the literature. As in the non-singlet case, the correct leading logarithmic predictions for small momentum fractions x do not provide good estimates of the respective complete splitting functions. We investigate the size of the corrections and the stability of the NNLO evolution under variation of the renormalization scale. The perturbative expansion appears to converge rapidly at x > ∼ 10 −3 . Relatively large third-order corrections are found at smaller values of x.
Introduction
Parton distributions form indispensable ingredients for the analysis of all hard-scattering processes involving initial-state hadrons. The scale-dependence (evolution) of these distributions can be derived from first principles in terms of an expansion in powers of the strong coupling constant α s . The corresponding n th-order coefficients governing the evolution are referred to as the n-loop anomalous dimensions or splitting functions. Parton distributions evolved by including the terms up to order α n+1 s in this expansion constitute, together with the corresponding results for the partonic cross sections for the observable under consideration, the N n LO (leading-order, next-toleading-order, next-to-next-to-leading-order, etc.) approximation of perturbative QCD.
Presently the next-to-leading order is the standard approximation for most important processes. The corresponding one-and two-loop splitting functions have been known for a long time [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11] . The NNLO corrections need to be included, however, in order to arrive at quantitatively reliable predictions for hard processes at present and future high-energy colliders. These corrections are so far known only for structure functions in deep-inelastic scattering (DIS) [12, 13, 14, 15] and for Drell-Yan lepton-pair and gauge-boson production in proton-(anti-)proton collisions [16, 17, 18, 19] and the related cross sections for Higgs production in the heavy-topquark approximation [17, 20, 21, 22] . Work on NNLO cross sections for jet production is under way and expected to yield results in the near future, see Ref. [23] and references therein.
For the three-loop splitting functions, on the other hand, only partial results had been computed until very recently, especially the lowest six/seven (even or odd) integer-N Mellin moments [24, 25, 26] and the leading (ln x)/x small-x terms of three of the four singlet splitting functions [27, 28] . The results of Refs. [24, 25, 26] have been employed -directly [29, 30, 31, 32] and indirectly [33, 34] via Bjorken x-space approximations constructed in Refs. [35, 36, 37] from them and the small-x constraints [27, 28] -to improve the analysis of DIS data and hadron-collider predictions. This information is however not sufficient for quantitative predictions at small values of x.
We have recently published the non-singlet part of the unpolarized three-loop splitting functions [38] . In the present article we compute the corresponding singlet quantities. The article is organized as follows: In section 2 we set up our notations and very briefly discuss the method of our calculation. The Mellin-N space results are written down in section 3. The (ln N)/N subleading large-N term of the three-loop gluon-gluon splitting function is found to be related to the leading ln N contribution at second order, in complete analogy to the relation found for the non-singlet quark-quark case. In section 4 we present the exact results as well as compact parametrizations for the x-space splitting functions and study their behaviour at small x. We demonstrate that neither do the (ln x)/x terms dominate the splitting functions at experimentally relevant values of x, nor do even all 1/x terms dominate the Mellin convolutions by which the splitting functions enter the evolution equations. The numerical implications of our results for the scale dependence of the singlet-quark and gluon distributions are illustrated in section 5. As in the non-singlet case the perturbation series converges rapidly for x > ∼ 10 −3 , while relatively large corrections occur for smaller momentum fractions. Finally we briefly summarize our findings in section 6.
Notations and method
We start by setting up our notations for the singlet parton densities and the splitting functions governing their evolution. The singlet quark distribution of a hadron is given by
(2.1)
Here q i (x, µ 2 f ) andq i (x, µ 2 f ) represent the respective number distributions of quarks and antiquarks in the fractional hadron momentum x. The corresponding gluon distribution is denoted by g(x, µ 2 f ). The subscript i indicates the flavour of the (anti-) quarks, and n f stands for the number of effectively massless flavours. Finally µ f represents the factorization scale. For the time being we do not need to introduce a renormalization scale µ r different from µ f .
Suppressing the functional dependences, the evolution equations for the singlet parton distributions read
where ⊗ stands for the Mellin convolution in the momentum variable,
3)
The quark-quark splitting function Pin Eq. (2.2) can be expressed as Here P + ns is the non-singlet splitting function which we have recently computed up to the third order in Ref. [38] . The O (α 2 s ) quantities P sand P sare the flavour independent ('sea') contributions to the quark-quark and quark-antiquark splitting functions P q i q k and Pq i q k , respectively. The nonsinglet contribution dominates Eq. (2.4) at large x, where the 'pure singlet' term P ps is very small. At small x, on the other hand, the latter contribution takes over as xP ps does not vanish for x → 0, unlike xP + ns . The gluon-quark and quark-gluon entries in Eq. (2.2) are given by P qg = n f P q i g , P gq = P gq i (2.5) in terms of the flavour-independent splitting functions P q i g = Pq i g and P gq i = P gq i . With the exception of the α 1 s part of P qg , neither of the quantities xP qg , xP gq and xP gg vanishes for x → 0.
Our calculation is performed in Mellin-N space, i.e., we compute the singlet anomalous dimensions γ ab (N, α s ) which are related to the splitting functions by a Mellin transformation, The additional relative sign is the standard convention. Note that in the older literature an additional factor of two is often included in Eq. (2.6).
The calculation follows the approach of Refs. [25, 26, 39, 40] . The optical theorem and the operator product expansion are employed to compute the Mellin moments of (partly fictitious, see below) deep-inelastic structure functions. Since the moment variable N is now an analytical parameter, we cannot apply the techniques of Refs. [25, 26] , where the integrals were solved using the MINCER program [41, 42] . The introduction of new techniques was therefore necessary, and various aspects of those have already been discussed in Refs. [40, 43, 44, 45, 38] . A salient feature of our method is, however, that we can check our extensive manipulations at almost any stage by falling back on a MINCER evaluation of fixed low-integer moments. Note also that we will obtain the three-loop coefficient functions in DIS as well, once the present calculation is supplemented by a second Lorentz projection required to disentangle the structure functions F 2 and F L [46] .
The complete set of NNLO singlet anomalous dimensions can be extracted from the third-order amplitudes of the forward Compton processes
where the probes are the photon (γ) and a fictitious classical scalar φ coupling directly only to the gluon field via φ G a µν G µν a . The inclusion of the latter, required for obtaining also the anomalous dimensions γ gq and γ gg to the desired accuracy, leads to a substantial increase of the number of diagrams as shown in Table 1 . Among the partons in Eq. (2.7) we also include an external ghost h. This is done in order to allow us to take the sum over external gluon spins by contracting with −g µν instead of the full physical expression which would, due to the presence of extra powers of P, lead to a complication of our task. For similar reasons we do not keep the gauge dependence in our all-N computations, but check its cancellation only for a few fixed values of N.
process tree 1-loop 2-loop 3-loop 1  33  1184   sum  2  15  318  9018   Table 1 : The number of diagrams for the amplitudes employed for the calculation of the three-loop singlet anomalous dimensions. The roles of the ghost h and the scalar φ are discussed in the text.
The diagrams are generated automatically with the diagram generator QGRAF [47] . For all symbolic manipulations we use the latest version of FORM [48, 49] . The calculation is performed in dimensional regularization [50, 51, 52, 53] . The renormalization is carried out in the MS-scheme [54, 55] as described in detail in Ref. [25] , using the result of Refs. [56, 57] for the renormalization of the operator G a µν G µν a entering the scalar case.
Results in Mellin space
Here we present the anomalous dimensions γ ab (N, α s ) in the MS-scheme up to the third order in the running coupling constant α s . The N n LO expansion coefficients γ
The anomalous dimensions can be expressed in terms of harmonic sums [6, 7, 58, 59, 60] . Recall that, following the notation of Ref. [58] , these sums are recursively defined by
and
The sum of the absolute values of the indices m k defines the weight of the harmonic sum. Sums up to weight 2l − 1 occur in the l-loop results written down below.
In order to arrive at a reasonably compact representation of our results, we employ the abbreviation S m ≡ S m (N) in what follows, together with the notation
for arguments shifted by ±1 or a larger integer i. In this notation the well-known one-loop (LO) singlet anomalous dimensions [1, 2] read
The corresponding second-order (NLO) quantities [5, 6, 10, 11] are given by 
The non-singlet part of γ (2)(N) can be found in Eq. (3.7) of Ref. [38] . The third-order results for the off-diagonal anomalous dimensions γ qg (N) and γ gq (N) in Eq. (2.2) are given by 
Finally the three-loop gluon-gluon anomalous dimension reads
Eqs. (3.10) -(3.13) represent new results of this article, with the only exception of the C A n 2 f part of Eq. (3.13) which has been obtained by Bennett and Gracey in Ref. [61] . Our results agree with the even moments N = 2, . . . , 12 computed before [25, 26] using the MINCER program [41, 42] .
The results (3.5) -(3.13) are assembled, after inserting the QCD values C F = 4/3 and C A = 3 for the colour factors, in Figs. 1 and 2 for four active flavours and a typical value α s = 0.2 for the strong coupling constant. The NNLO corrections are markedly smaller than the NLO contributions under these circumstances. At N > 2 they amount to less than 2% and 1% for the large diagonal quantities γand γ gg , respectively, while for the much smaller off-diagonal anomalous dimensions γ qg and γ gq values of up to 6% and 4% are reached. The relative NNLO corrections are very large at N > 2 for γ ps , which is however completely negligible in this region of N.
For N → ∞ the off-diagonal n-loop anomalous dimensions vanish like 1 N ln 2n−2 N, while the diagonal quantities behave as [62] specified up to n = 3 in Eq. (3.11) of Ref. [38] . As expected, the constants A g n are related to those results by
The coefficients C g n in Eq. (3.14) can be expressed in terms of the A g n by
This result is completely analogous to the corresponding relation for C q n in Eq. (3.12) of Ref. [38] . Finally the N-independent contributions B g n can be read off directly from the δ(1 − x) terms in Eqs. (4.6), (4.10) and (4.15) below.
Results in x-space
The N n LO singlet splitting functions P
are obtained from the N-space results of the previous section by an inverse Mellin transformation which expresses these functions in terms of harmonic polylogarithms [63, 64, 65] . This transformation can be performed by a completely algebraic procedure [40, 65] based on the fact that harmonic sums occur as coefficients of the Taylor expansion of harmonic polylogarithms.
Our notation for the harmonic polylogarithms H m 1 ,...,m w (x), m j = 0, ±1 follows Ref. [65] to which the reader is referred for a detailed discussion. For completeness, we recall the basic definitions: The lowest-weight (w = 1) functions H m (x) are given by
The higher-weight (w ≥ 2) functions are recursively defined as
For chains of indices zero we again employ the abbreviated notation
Corresponding to the maximal weight 2l−1 of the harmonic sums in section 3, the l-loop splitting functions involve harmonic polylogarithms up to weight 2l−2. Hence our three-loop results cannot be expressed in terms of standard polylogarithms which are sufficiently general only for w ≤ 3.
For completeness we recall the one-and two-loop non-singlet splitting functions [3, 8] 
Here and in Eqs. (4.12) -(4.15) we suppress the argument x of the polylogarithms and use
Divergences for x → 1 are understood in the sense of +-distributions.
The third-order pure-singlet contribution to the quark-quark splitting function (2.4), corresponding to the anomalous dimension (3.10), is given by 
Due to Eqs. (3.11) and (3.12) the three-loop gluon-quark and quark-gluon splitting functions read 15) and (3.16) , respectively, while the coefficients of δ(1 − x) are explicit in Eq. (4.15) . The corresponding limit of the gluon-quark and quark-gluon splitting functions is
It is worthwhile to notice that all the coefficients in Eqs. of the colour factors leading to a N = 1 supersymmetric theory. This is part of a general structure. The combination
of the (n+1)-loop MS splitting functions is found to be much simpler than the functions P (n)
ab (x) themselves. In fact, after transforming to the dimensional reduction (DR) scheme respecting the supersymmetry, ∆ S (x) vanishes for both the unpolarized [9] and polarized (spin-dependent) [66, 67, 68] two-loop splitting functions. We are not (yet) in a position to present this scheme transformation at the third order. However, we do obtain the above-mentioned simplification within the MS scheme; especially all harmonic polylogarithms of weight four cancel in the combination (4.21) for choice (4.20) of the colour factors. We plan to return to this issue in a later publication.
We now return to the end-point behaviour. At small x the three-loop splitting functions read
The coefficients of the 1/x terms of P (2)(which are, of course, entirely due the pure-singlet contribution given in Eq. (4.12) ) are given by The small-x coefficients of the quark-gluon splitting function (4.14) are given by Finally the corresponding coefficients of the three-loop gluon-gluon splitting function (4.15) read The coefficient E gg 1 is identical to the result obtained from the next-to-leading logarithmic BFKL equation by Fadin and Lipatov in Ref. [28] after transformation to the MS scheme (as given, e.g., in Eq. (4.7) of Ref. [36] ). Numerically the simple relation C F E gg 1 = C A E gq 1 is broken by less than 2% in the n f part and less than 0.5% for the complete coefficients at n f = 3, . . . , 6.
The three-loop splitting functions (4.12) -(4.15) are shown in Figs. 3 -6 for n f = 4 together with the approximate expressions inferred in Ref. [37] from the fixed-N results of Refs. [25, 26] and the small-x limits of Refs. [27, 28] . Also displayed are the respective leading small-x contributions E ab 1 x −1 ln x. Notice that all splitting functions have been multiplied by x for display purposes.
With the exception of P (2) gq , where no small-x 'anchor' was available, our exact results comply with the error bands of Ref. [37] for the full range of x shown in the figures. Hence it is reasonable to expect that an extension of the results of Refs. [25, 26] to the next order, using a future fourloop generalization of the MINCER program [41, 42] , would, together with small-x constraints, facilitate relevant estimates of P (3) ab (x). We expect that such an extension, while still a formidable task, will be performed much earlier than the fourth-order version of the present calculation. The three-loop pure-singlet splitting function (4.12) for four flavours, multiplied by x for display purposes. Also shown is the uncertainty band derived in Ref. [37] using the lowest six even-integer moments [25, 26] and the leading small-x term [27] . The latter contribution is shown separately on the right-hand-side (dotted line) for x < 0.01. As Fig. 3 , but for the three-loop quark-gluon splitting function (4.14). Note that in this case the leading small-x contribution was unknown before the present calculation. This diagonal quantity has been additionally multiplied by (1 −x) . The leading small-x term (again shown by the dotted line on the right-hand-side) has been first obtained in Ref. [28] . As also illustrated in Figs. 3 -6 , the leading small-x terms ∼ x −1 ln x alone do not provide good approximations of the full results (4.12)-(4.15) at experimentally relevant small values of x. At x = 10 −4 , for example, they exceed the exact values of P (2) ab (x) by factors between 1.6 and 2.0 for n f = 4. Good small-x approximations of these quantities are obtained by including all x −1 contributions as specified in Eq. (4.22) -(4.30). However this does not apply, as obvious from Fig. 7 , to the convolution [P (2) gg ⊗ g](x) by which P (2) gg enters the evolution equations (2.2). Even if the two terms explicit in Eq. (4.22) are (non-uniquely) supplemented by an x-independent contribution restoring the correct second moment, even the sign of the convolution remains wrong down to x ≃ 10 −5 for the simplified, but not unrealistic gluon distribution xg ∼ x −0.3 (1 − x) 5 .
As our exact expressions (4.12) -(4.15) for the the functions P (2) ab (x) are neither particularly short nor especially simple, we also provide compact approximate representations built up, besides powers of x, only from the +-distribution (for P (2) gg (x)) and the end-point logarithms Inserting the numerical values of the QCD colour factors, P (2) ps in Eq. (4.12) can be represented by
Correspondingly the off-diagonal quantities (4.13) and (4.14) can be parametrized by 34) where the n 2 f part is exact. Finally the gluon-gluon splitting function (4.15) can be approximated by
+ 512/27 L -(4.15) at 10 −6 ≤ x ≤ 1−10 −6 which we evaluated using the FORTRAN code of Ref. [69] . Smaller values of x are not needed, as all 1/x terms are exact. Except for values of x very close to zeros of P (2) ab (x), the parametrizations (4.32) -(4.35) deviate from the exact expressions by less than one part in a thousand, which should be amply sufficient for foreseeable numerical applications.
Finally the coefficients of δ(1 − x) in Eq. (4.35) have been slightly adjusted from their exact values using the lowest integer moments. This is a somewhat tricky point, so let us briefly elaborate on it. For Pand P gg the low moments, and partly also the convolutions with the parton distributions, involve large cancellations between the integrals over the (fitted) regular parts and the δ (1 − x) contributions. The second moment of the n f -independent part of P gg , for example, vanishes due to the momentum sum rule (recall that P qg has no n 0 f contribution, cf. Eq. (2.5) ), while the respective third-order coefficient of δ(1 − x) is as large as 4 · 10 3 . A maximal accuracy of the parametrization (4.35), and of the convolutions with the gluon distribution, is thus achieved by 'fitting' this coefficient to the second moment. For the case under consideration this actually leads to a very small adjustment of about 0.01%.
One important approach to implementing higher-order results into the numerical evolution of the parton distributions and the analysis of general hard processes is the moment-space technique [70, 71, 72, 73, 74] , which requires the analytic continuation of the anomalous dimensions (2.6) to certain complex values of N. Also these complex-N moments can be readily obtained to a perfectly sufficient accuracy using Eqs. [38] . The Mellin transform of these parametrizations involve only simple harmonic sums S m>0 (N) of which the analytic continuations in terms of logarithmic derivatives of Euler's Γ-function are well known. The reader is referred to Refs. [59, 75] for a more mathematical approach to the analytic continuations.
Numerical implications
We are now ready to illustrate the numerical effect of our new three-loop splitting functions P (2) ab (x) on the evolution (2.2) of the singlet-quark and gluon distributions q s (x, µ 2 f ) and g(x, µ 2 f ). For all figures we choose a reference scale µ 2 f = µ 2 0 ≃ 30 GeV 2 -a scale relevant, for example, for deepinelastic scattering both at fixed-target experiments and the ep collider HERA -and employ the sufficiently realistic model distributions
irrespective of the order of the expansion. This order-independence does not hold for actual datafitted parton distributions like those in Refs. [33, 34] , but here it facilitates direct comparisons of the various contributions to the scale derivativesḟ
For the same reason we employ an order-independent value for the strong coupling constant,
corresponding to a fairly standard value at the Z mass, α s (M 2 Z ) ≃ 0.116, beyond the leading order. Finally our default for the number of effectively massless flavours is n f = 4.
The respective scale derivatives of the singlet-quark and gluon distributions are graphically displayed in Figs. 8 and 9 over a wide range of x. Numerical values can be found for four characteristic x-values in Tables 2 and 3 , where we also show the dependence on n f and the break-up into the quark-and gluon-initiated contributions. As these two terms can occur with different signs, and since the LO and NLO results partly display a somewhat anomalous behaviour (see below), the picture is much less clear-cut here than in the non-singlet sector discussed in Ref. [38] . The scale derivative of the quark distribution ( Fig. 8 and Table 2 ) is dominated at large x (small x) by the P⊗ q s (P qg ⊗ g) contributions. The former (latter) is actually negligible for very small (large) values of x. The NNLO corrections are small at large x with respect to both the total derivative and the NLO contributions. At small-x all NLO contributions are very large (or the LO terms are abnormally small, recall that xP The situation is rather different for the evolution of the gluon density ( Fig. 9 and Table 3 ). The contribution from P gg ⊗ g dominates for all x (except for extremely large values not considered here), but the P gq ⊗q s part is nowhere negligible. Already the NLO corrections are small especially at small x and furthermore the g-and q s -initiated terms cancel each other to some extent. Thus the ratio r 2 /r 1 of the relative NNLO and NLO corrections is rather large at small values of x, despite the NNLO contribution amounting to only 3% for x as low as 10 −4 .
We now turn to the stability of the perturbative expansions in Figs. 8 and 9 under variations of the renormalization scale µ r . For µ r = µ f the expansion of the splitting functions in Eq. (4.1) is, using the abbreviation a s ≡ α s /(4π) , replaced by
where β k represent the MS expansion coefficients of the β-function of QCD [76, 77, 78, 79] . Table 2 : The LO, NLO and NNLO logarithmic derivatives of the singlet quark distribution at four representative values of x, together with the ratios r n = N n LO/N n−1 LO − 1 for the default input parameters specified in the first paragraph of this section and some variations thereof. In Figs. 10 and 11 the respective consequences of varying µ r over the rather wide range 1 8 µ 2 f ≤ µ 2 r ≤ 8µ 2 f are displayed for the logarithmic µ f -derivatives of the singlet-quark and gluon distributions (5.1) at six representative values of x. In both cases the scale dependence is considerably reduced over the full x-range by including the third-order corrections. With the exception of the smallest x-value considered, x = 10 −5 (and of x = 0.05 in Fig. 11 , where the derivative is very small anyway), the points of fastest apparent convergence and of minimal µ r -sensitivity, ∂ḟ /∂µ r = 0, are rather close to the 'natural' choice µ r = µ f for the renormalization scale. are finally shown in Fig. 12 . For the singlet-quark (gluon) distribution, these uncertainty estimates amount to 2% (1%) or less at x > 10 −2 (4 · 10 −3 ), an improvement by more than a factor of three with respect to the corresponding NLO results. Taking into account also the apparent convergence of the series in Figs. 6 and 7, it is not unreasonable to expect that the effect of the higher-order singlet splitting functions will be about 1% or less for x > ∼ 10 −3 . Larger corrections have to be expected at small x. One should also keep in mind that at fourth order also terms with the colour structure d abc d abc /n c -which enter the non-singlet case already at three loops and have a large effect at x < 10 −3 [38] -will contribute to the singlet splitting functions. 
Summary
We have calculated the complete third-order contributions to the splitting functions governing the evolution of unpolarized flavour-singlet parton distribution in perturbative QCD. Our calculation is performed in Mellin-N space and follows the previous fixed-N computations [25, 26] inasmuch as we compute the partonic structure functions in deep-inelastic scattering at even N using the optical theorem and a dispersion relation as discussed in [25] . Our calculation, however, is not restricted to low fixed values of N but provides the complete N-dependence from which the x-space splitting functions can be obtained by a (by now) standard Mellin inversion. This progress has been made possible by an improved understanding of the mathematics of harmonic sums, difference equations and harmonic polylogarithms [58, 65, 40] , and the implementation of corresponding tools, together with other new features [49] , in the symbolic manipulation program FORM [48] which we have employed to handle the almost prohibitively large intermediate expressions.
Our results have been presented in both Mellin-N and Bjorken-x space, in the latter case we have also provided easy-to-use accurate parametrizations. We agree with all partial results available in the literature, in particular we reproduce the lowest six even-integer moments computed before [25, 26] . We also agree with the resummation predictions of Refs. [27, 28] for the leading small-x logarithms (ln x)/x of the splitting functions P, P qg and P gg , and with the large-n f result [61] for the simple C A n 2 f part of P gg . Our results respect the supersymmetric relation between all four splitting functions for C A = C F = n f to the extend expected for the MS scheme. At large x we verify the expected simple relation between the leading 1/(1 − x) + terms of Pand P gg . We find that also for the gluon-gluon splitting function the coefficients of the leading integrable term ln(1 − x) at order n = 2, 3 are proportional to the coefficient of the +-distribution 1/(1 − x) + at order n − 1, in complete analogy with our surprising findings in the non-singlet case [38] .
We have investigated the numerical impact of the three-loop (NNLO) contributions on the evolution of the singlet-quark and gluon densities. At x > ∼ 10 −3 the perturbative expansion for the scale derivativesḟ ≡ d ln f (x, µ 2 f )/d ln µ 2 f , f = q s , g appears to be very well convergent and suggests a residual higher-order uncertainty of about 1% or less at α s < ∼ 0.2. Consequently the perturbative evolution can be safely extended to considerably larger values of α s , hence lower scales, in this range of x. The situation is much less clear at smaller x. For α s = 0.2 and realistic initial distributions with xq s , xg ∼ x −0.3 at small x, the NNLO corrections forq s andġ rise towards x → 0, respectively reaching 13% and −6% at x = 10 −5 . We stress that the results of the small-x resummation alone cannot help here. For example, not even a qualitatively reliable prediction can be expected for the convolution P gg ⊗ g, by which P gg enters the evolution equations, even when all 1/x terms are included. Besides knowledge of as many of these terms as possible, further progress at small x would require at least a four-loop generalization of the fixed-N calculations [25, 26] and of the x-space approximations [37] linking them to the small-x limits.
FORM files of our results, and FORTRAN subroutines of our exact and approximate splitting functions can be obtained from the preprint server http://arXiv.org by downloading the source. Furthermore they are available from the authors upon request.
